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Abstract 

The extended Toda hierarchy of Carlet, Dubrovin and Zhang is re- 
considered in the light of a 2 + ID extension of the ID Toda hierarchy 
constructed by Ogawa. These two extensions of the ID Toda hierarchy 
turn out to have a very similar structure, and the former may be thought 
of as a kind of dimensional reduction of the latter. In particular, this 
explains an origin of the mysterious structure of the bilinear formalism 
proposed by Milanov. 
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1 Introduction 

Geometry of 2D topological field theories has a profound relationship with inte- 
grable hierarchies [T] . Of particular interest is the topological sigma model (ge- 
ometrically, the Gromov-Witten invariants) of the Riemann sphere CP 1 , which 
is related to the ID Toda hierarchy and its dispersionlcss limit. To describe 
the correlation functions of "descendants" of primary observables, however, one 
has to extend the usual ID Toda hierarchy by an extra set of commuting flows 
[21 El E] . In the following, we refer to this extension as "logarithmic" , because 
the Lax equations of these extra commuting flows are formulated by a kind of 
logarithm of the Lax operator. Carlet, Dubrovin and Zhang presented a rigor- 
ous formulation of the logarithm of the Lax operator, and thereby formulated 
a Lax formalism of the extended Toda hierarchy [5] . 

Recently, Milanov presented a bilinear (or Hirota) formalism of this ex- 
tended Toda hierarchy [5J. According to Milanov's results, the tau function of 
the usual ID Toda hierarchy can be extended to this hierarchy and satisfies a 
bilinear equation. This equation is certainly an extension of the familiar bilinear 
equation (of the contour integral type [7]) of the ID Toda hierarchy, reducing 
to the latter as some of arbitrary constants in the equation are set to 0. For 
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nonzero values of those arbitrary constants, however, Milanov's bilinear equa- 
tion takes a quite mysterious form, the meaning of which has remained to be 
elucidated. 

In this paper, we propose to understand the logarithmic extension in the 
light of the so called "2 + ID extension" . Here "1" means the (lowest) temporal 
dimension, and "2" an extension of the spatial dimension (in the case of the Toda 
hierarchy, a ID lattice) by an extra spatial dimension. For example, a 2 + ID 
extension of the KdV equation was introduced by Calogero [5] , Bogoyavlcnsky 
[5] and Schiff [TU] in different contexts. A Lie algebraic interpretation of the 
same equation and the associated hierarchy of commuting flows was discovered 
later [TTJ [T^l H3] and generalized to the nonlinear Schrodinger hierarchy [T3] . 
An important outcome of the Lie-algebraic studies is a systematic derivation 
of a bilinear formalism of those 2 + ID extensions. As regards the ID Toda 
hierarchy, two different 2 + ID extensions (based on two different reductions 
of the 2D Toda hierarchy [T3] to the ID Toda hierarchy) were constructed by 
Ogawa [TB]. We shall show that the logarithmic extension of the ID Toda 
hierarchy can be rewritten to a form that resembles one of Ogawa's 2 + ID 
extension. This enables us to consider the logarithmic extension as a kind of 
"dimensional reduction" of the 2 + ID extension. We can thus derive a bilinear 
formalism of the logarithmic extension by the same method as used for the 
2 + ID extensions [131 HH US] . Milanov's results can be thus recovered from the 
perspectives of 2 + ID extensions. 

This paper is organized as follows. Section 2 is a review of the Lax formal- 
ism and the bilinear formalism of the ID Toda hierarchy. Since the ID Toda 
hierarchy can be derived from the 2D Toda hierarchy, we omit the proof of the 
existence of the dressing operators and the tau function (which is parallel to the 
case of the 2D Toda hierarchy) and explain the derivation of bilinear equations 
in detail. Section 3 is a review of one of Ogawa's 2 + ID extensions that is rele- 
vant to the subject of this paper. Since Ogawa's paper [16] is rather sketchy on 
this case, we give a rather detailed account of its Lax and bilinear formalisms. 
Armed with the knowledge on the 2 + ID extension, we turn to Carlet, Dubrovin 
and Zhang's logarithmic extension in Section 4. We conclude this paper with a 
few remarks in Section 5. 

2 ID Toda hierarchy 
2.1 Lax equations 

Let s denote the spatial coordinate of the ID Toda hierarchy. Unlike the usual 
formulation on a ID lattice, s is now understood to be a continuous variable. 
The Lax operator of the ID Toda hierarchy is a difference operator of the form 

C = e Ss + b(s) + c(s)e- 9 % 

where e n9fl 's (d s — d/d s ) denote the shift operators that act on a function of 
s as e nds f(s) = f(s + n), and b(s) and c(s) are dynamical variables. Time 
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evolutions C = C(t), t = (ti, t2, ■ ■ ■), of the Lax operator are denned by the Lax 
equations 

^- = [A n ,C], n = l,2,.... (2.1) 
The generators A n of time evolutions are constructed from C as 



An — 2 ifi- )>o 2 (^")<o ' 



where ( )> and ( ) <0 denote the nonnegative and negative power parts of 
difference operators: 

( jr a n (s)e n A = £o„(s)e n8 ', 



>o 



n>0 



a n {s)e nd °\ = ^a n (s)e nd °. 

\n=-oo / <0 n<0 

The lowest (n = 1) Lax equation consists of the equations 

^ = C(8 + 1) - C(8), ^ = C(8)(b(s) b(8 1)), 

which can be converted to the usual ID Toda equation 



e 0(s)-0(s+l) _ e 0(s-l)-0(s) 



at? 

by the change of variables 

6(s) = M£) ; c(s) = e^-D-^W. 

OTi 

2.2 Wave functions and auxiliary linear equations 

Let W and W be dressing operators of the form 

oo oo 

by which the Lax operator is expressed as 

C = We ds W~ 1 = We~ d 'W- 1 . (2.2) 
One can tune these dressing operators to satisfy the evolution equations 



as well. These equations can be converted to the auxiliary linear equations 

Q f ' =A n *(s,z), ±1 ' =A n *(s,z) (2.4) 
for the wave functions 

\n=0 / 

where 

OO 

n=l 

The dressing relations p. 21) . too, become auxiliary linear equations of the form 
£${s,z) = ztf(s,z), £§(s,z) = z _1 f(s,z). (2.5) 

2.3 Bilinear equations for wave functions 

Let us introduce the difference operators 

V = e- 9 °{W*)- l e a % V = e- s '(y*)- l e a *, 
where A* denotes the formal adjoint of a difference operator A, namely, 

(oo \ * oo 

n— — oo / n— — oo 

and define the "dual wave functions" as 

z) = Vz- s e- i(t ' z}/2 , z) = V'z-'e^f*'*" 1 ^ 2 . 

As we show below, the wave functions ^ (s , z) , ^ (s , z) and their duals satisfy 
the bilinear equation 

I—z k y(s',t',z)y*(s,t,z)= I —z- k ^(s',t',zW*(s,t,z) (2.6) 
/ 2-7TZ J 2ni 

for k = 0, 1, 2, . . . and arbitrary values of s',s,t',t except for the condition 

s'-seZ. (2.7) 



1 If the spatial variable s is integer- valued, this condition is obviously satisfied. Since s 
is now a continuous variable, this condition is necessary to ensure single-valuedness of the 
integrands in 112.611 . 



In the present setting, both hand sides of the bilinear equation may be thought 
of as the residue of formal Laurent series, namely, 



dz 
2tti 



- ^ a n Z n = (l-l, 



n— — oo 



though, in a complex analytic setting, they are understood to be the contour 
integrals along simple closed curves Coo, Co encircling the points z — oo, 0. 

A technical clue to the derivation of (|2.6j) is the the identity (see, e.g., 
Ogawa's paper [To] ) 

/ I^ (S ' z)<f, * {Sl Z) = ( AedsB *^' s = (Be- 9s A*)ss' (2.8) 
that holds, under condition f|2.7p , for any difference operators 

oo oo 

A= a n(s)e nd % B= b n (s)e n9 ° 

71 — — OO 11 — — OO 

and the associated "wave functions" 

oo oo 

^{s,z)=Az s = J2 a n(s)z n+s , q>*(s,z) = Bz- s = J2 b n (s)z- n - s . 

n— — oo n— — - oo 

( ) S 's denotes the "(s', s)-matrix element" d of difference operators: 
( £ a n (s)e n6 ') =<w(s')- 



\n— — oo 



We apply this formula to the operator relation 
We ds V* = e 9s = We d "W* 
and obtain the bilinear equation 

<f ^*(*', t, t,z) = f ^W, *» *), (2-9) 

which is a special case of (|2.6[) where k = and t' = t. We can deform this 
equation to (|2.6|) by two steps as follows. 

The first step is to insert z ±k , k = 0, 1, 2, . . . into the contour integrals. To 
this end, we apply C k to both hand sides of (|2.9j) with respect to the variable 
s' as 

I^X k *(s\t,z) ■ **(s,t,z) = f^-£ k *( s <,t,z) ■ **(s,t,z). 



2 If the spatial variable s is integer- valued, this is indeed the matrix element of a Z X Z 
matrix that represents the difference operator. 
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By (|2.5I) . this equation turns into the equation 

^z k ^(s',t,z)^*(s,t,z) = <f ^ z - k ^{s' \t,z)V*{s,t,z). (2.10) 

The second step is to shift the value of t in \I>(s',£, z) and ^>(s',t,z). To 
this end, let us note that the auxiliary linear equations (|2.4p can be extended 
to higher orders as 

oo / g \U 



i=l 

oo 



i—l ^ l ^ 

where A; li ; 2) ...'s are difference operators of finite order in s that are recursively 
determined by A n 's. For example, 

**(.,*)_ a (m^)\_(0A n+AnA \ Hs z) ^ 



dt m dt n dt m \ dt n J \ dt 
hence 

A-m.n — Tvi ^~ ^-n^-m- 
OT m 

The same equation holds for &(s, z) as well. Applying Ai u i 3 to both hand 
sides of (|2.10j) with respect to s', we have the equations 

l 



/ 55* n(£)' •<'.«,. >•#•<..«..) 

S^n(|)"*(»'.M)-*-(»,M) 

2—1 X 7 

for all values of Zi, ?2j Since the derivatives of &(s', t, z) and &(s', t, z) can 

be collected to the generating functions 

oo oo j 4 / o \ ii 

E IlTT (£) = * + «,*), 

h,h,„-0i=l l ' ^ l ' 
oo oo h / pi \ l i 

E IlTT (£) *(s',t,z) = *(s>,t + a,z) 

h,l 2 ,...=0i=l l ' ^ 

of new variables a — (a±,a2, . . .), the last bilinear equations can be converted 
to the generating functional form 

I —z k ^(s', t + a,z)- **(«, t, z) 

J 2lTl 

= I — Z ' k ^{ s ',t + ai z)-^*(s,t,z). (2.11) 
/ 2?ri 
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Replacing t + a — > t' , we obtain the bilinear equation 

Though we omit details, one can conversely derive the auxiliary linear equa- 
tions dm and K23J) from (pTo) . 

2.4 Tau function and bilinear equations 

The wave functions and their duals can be expressed in terms of the tau function 
r(s, i) as 



*(,s, z 
V*(s,z 

\&(s, z 
§*(s,z 



where 



r(s,t-[z *]) g( t , z)/2 



(t,»)/2 



z e s 

r(s,t) 

r(5,t) " 6 ' 
r(s,t) 

r(s-l,t- [z]) s g (M -i )/2 



(2.12) 



The bilinear equation (|2.6[) for the wave functions thereby turns into the bilinear 
equation 

= / d« z -W--'-. e £(t-t' lJ! - 1 )/2 T / fl / + ! t / + rjj T / fl _ i t _ M) (2.13) 

7 27TI 

for the tau function, which holds for fc = 0, 1, . . . and arbitrary values of s, s' , t, t' 
under the condition (|2.7[) . 

Let us mention a few consequences of (|2. 13|) . 



1. We can replace z ±k by an arbitrary formal power series f(z ±1 ) = YlkLo / fe ^ 



dz 



a'-«_£(t'-M)/2-.fV +' _ r_-l 



( S ' ! t'-[^- 1 ])r( S ,t+^- 1 ]) 



= / ^/(^ 1 )^'- s e«*-*''^ 1 )/ 2 r( S ' + 1, f + [z})r(s - 1, t - [z]). 

In particular, if we choose /(z) as /(z) = z k eM t _t ^ z )/ 2 j we have the 
bilinear equation 



p_ z s'-s e i(.t'-t,z) T ( sl)t , _ [ z -l]) T ( Sjt + 
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which is equivalent to (j2.13[) . hence may be thought of as yet another 
bilinear representation of the ID Toda hierarchy. 

2. When k — and s' > s, (|2.14p reduces to the bilinear equation 

of the KP (s' = s) or modified KP (s' > s) hierarchy. 

3. If we choose s' — s and t' = i, (|2.13|) reduces to 



f-z fc -V( S + 1, t + [^IM* - 1, t - [z- 1 ]), fc = 0, 1, 2, . . . . 

27TI 

These equations imply that r(s,t — [z _1 ])r(s,£ + [z -1 ]) — z~ 2 t(s + l,t + 
[2 _1 ])t(s — l,t + [z -1 ]) is independent of z, hence a function of s and t 
only. Letting z — > oo shows that this function is equal to r(s,£) 2 . Thus 
we obtain the bilinear functional equation 

= z- 2 t{s + 1, t + [z- 1 ])t(s - 1, t - [z- 1 ]) + t(s, tf 

with a parameter z. Expanded in powers of z , the z~ 2 part of this 
equation gives the Hirota equation 

d 2 T{ S ,t) , . (dT{ Sl t)\ 2 , . , . 

of the ID Toda equation. 
2.5 Reduction from 2D Toda hierarchy 

The 2D Toda hierarchy has two sets of time variables t = (tx,t2,.. .) and i = 
(ti,t2> • • •)• The Lax equations are formulated in terms of two Lax operators 

L = e a ° +ui(s) +u 2 (s)e~ 9s H , 

Z = u (s)e Os + ui(s)e 2es H 

and the generators of time evolutions 

B n = {L n )>o, B n = (L ") <0 

as 

W n = [Bn > Ll W n = [Sn ' L] > 

3T dL 

— = [B n ,L], - r = [B n ,L], n = l,2,.... 
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This hierarchy reduces to the ID Toda hierarchy by adding the constraint [f| 

(C:=)L = L- 1 . 

Defining C thus by both hand sides of this constraint and comparing the ( )>o 
and ( )<o parts, we can readily see that C can be written as 

C = Bi+Ci, 

hence a difference operator of the form e ds + b(s) + c(s)e~ 9s . Moreover, under 
this constraint, we have the identities 

B n + B n = C n , 

which imply that the time evolutions in the diagonal direction of the (t n ,i n ) 
plane are trivial: 

|^ + ^ = [C\C] = 0, n = l,2,.... 
dt n dt n 

The residual time evolutions of C generated by 

4. - 

can be identified with the ID Toda hierarchy. 

As regards the tau function, this reduction procedure amounts to adding the 
constraints 

dT(s,t,t) dT(s,t,i) _ „_ 19 

a, T a r — u, n — 1, z, . . . 

ot n dt„ 

to the tau function r(t, t) of the 2D Toda hierarchy, which thereby becomes a 
function r(s,t — t) of s and t — t. The reduced function r(s,t) is exactly the 
tau function of the ID Toda hierarchy. 



3 2 + ID extension 

3.1 Lax equations and auxiliary linear equations 

Following Ogawa [16j . we introduce a new spatial variable y and an infinite 
number of time variables x = (x%,X2, • ■ •)■ The dynamical variables b(s) and 
c(s) now depend on y, x and t. The 2 + ID extension consists of the Toda flows 
with respect to t and the commuting flows with respect to x defined by Lax 
equations of the form 

^£^C n ^ + [P n ,C] = [£ n d y + P n ,C], n = l,2,..., (3.1) 



3 Another reduction to the ID Toda hierarchy is achieved by the constraint L + L 1 = 
L + L~ 1 |15| . This reduction is suited for the soliton solutions of the ID Toda lattice. 
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where d y denotes d/dy, and P„'s are difference operators of finite order specified 
below. The associated auxiliary linear equations for ^(s,z) and ^>(s,z) read 

„ ' ' = {C n d y + P n )*(s, z), 1 1 ' = (£ n d y + P n )*(s, z). (3.2) 
uXji ox n 

The dressing operators W and W thereby satisfy the evolution equations 

dW dW dW dW 

^- = C n ^-+P n W 7 ^-^£ n ^-+P n W. (3.3) 
dx n dy dx n dy 



P n 's are determined by (|3.3[) themselves as follows. Let us rewrite (|3.3[) as 

dW , 1 - , - , 

P n = tt-W- 1 - L n ^W~ x = t^-W' 1 - C n ^-W-\ 

dx n dy dx n dy 

The ( )>o and ( )<o parts of these equations give 



<o 



Thus P„'s are determined as 



The auxiliary linear equations have another expression of the form 

= (z n d y + Q n )*(s, z), = (z- n d y + Q n )9(s, z), (3.5) 

where 



*■ - F "-w- [w e - w L - \~W< w ) <0 <"> 

3.2 Bilinear equation for wave functions 

Let us start from the bilinear equation 

/— z k ^(s',x,t' 1 z)^*(s, x,t, z) = (f —z^ k ^(s',x,t',z)^*(s,x,t,z) 
2-Kl J ZTTt 

of the ID Toda hierarchy, and deform it to incorporate the auxiliary linear 
equations (13.51) . To this end, we extend (|3.5[) to higher orders as 

d , 8 x ' 
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where Qi lt i 2 .... are difference operators of finite order in s. Applying Qi lt i 3> ... to 
both hand sides of the bilinear equation with respect to s' , we have the equations 



dZ - zk ft (4r. ~ zl -p) 1 *( s '> x > *'> z ) ' **( s ' x > *• z ) 



27ri ^ \dxi dy 



^^-^ft^-^)"^^*'^-^^'^) 

for all values of Zx,^2, •••• These bilinear equations can be packed into the 
generating functional form 

/dz 
— z k V(s', y - £(a, z), x + a, i', *)¥*(«, y, x, t, z) 

= / ^«~ fc *(«', 2/ - £(a, z- 1 ), x + a, i', z)**(s, y, x, t, z) (3.7) 

with new variables a = (ax, 02, ■ ■ ■)• Note that this equation, like (|2.6p . holds 
for fc = 0, 1, 2, . . . and arbitrary values of s',s,x,t' ,t under condition (|2.7j) . 

Moreover, we can extend (|3.7j) to the slightly more general (but actually 
equivalent) form 

/dz 
— z *(s', y - £(a, z), x + a, t', z)**(s, y - £(&, z), x + 6, t, z) 

/dz 
— z- fc §(s', y - £(a, z" 1 ), x + a, i', z)**(s, y - £(&, z" 1 ), x + 6, t, z), 

(3.8) 

where 6 = (&x, &2, ■ • ■) is yet another set of variables. This equation, too, holds 
for k — 0,1,2,... and arbitrary values of a', s, x, t' , t' except for the condition 
(|2.7|) . To derive this equation, we apply the operator (—cd/dy) /l\ (where c 
is a constant and / = 0, 1, 2, . . .) to both hand sides of (13.71) . shift k to k + In 
(n = 1, 2, . . .), and take the summation over I = 0, 1, 2, . . .. The outcome is the 
equation 

/dz 
—z kl ${s', y - £(a, z) - cz", x + a, i', z)**(s, y - cz™, x, i, z) 

/dz - 
- — z" fe *(s', y - £(a, z) - cz~", x + a, i', z)**(s, y - cz~ n , x, t, z). 
2m 

Repeating this procedure for n = 1,2, . . . with independent constants c = b n , 
we can derive the equation 

/dz 
— z fc *(s', y~£(a + b,z),x + a, t', z)#*(s, y - £(&, z), x, i, z) 

/dz 
— z- fc ^(s', y - C(a + b, z), x + a, t', z)#*(s, y - £(6, z" 1 ), x, t, z). 

Replacing x — » x — b and a — >■ a — b in this equation, we obtain (|3.8[) . 
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3.3 Bilinear equation for tau function 

Let r(s, x, t) be a tau function in the sense of the ID Toda hierarchy, namely, a 
function with which the wave functions are expressed as (j2.12j) . Note that such 
a tau function is unique up to a multiplier that depends on only x. 

The bilinear equation (|3.7p for the wave functions turns into an equation for 
the tau function of the form 

k+s'-s c £(t'-t,z)/2 

2m 

r(s', y - g(a, z), x + a, t' - [z- 1 ])r(s, y,x,t + [z' 1 ]) 
t(s', y - f (a, z), x + a, t')r(s, y, x, t) 

dz z -k+s'-s e i{t-t' ,z~ x )/2 
2m 

t(s' + 1, y - £(a, z~ l ),x + a, t' + [z])t(s — l,y,x,t- [z]) 
t(s', y ~ £(a, z' 1 ), x + a, t')r(s, y, x, t) 

We can now use the same trick as used in Section 2.4. Namely, we can replace 
z ±k by an arbitrary power series /(z ±1 ) = X^fcLo fk z±k of z as 

v T i s ', V ~ £K z),x + a,t' - [z" 1 ])r(s, y, x, t + [z^ 1 ]) 

X 



t(s', y — £(a, z), x + a, t')r(s, y, x, t) 

^f(z- 1 )z''-'S*-* 
2iri 

t{s' + l,y- £,(a, z- r ),x +a,t' + [z])t(s -l,y,x,t- [z]) 



T(s',y-£(a,z l ),x + a,t')r(s,y,x,t) 
In particular, if we choose f(z) as 

f(z) = z k T(s', y - £(a, z),x + a, *')t(s, y, x, i), 
the denominators disappear and we obtain the bilinear equation 

dz k+s'-a e i{t'-t,z)/2 

2m 

x t{s , y — £(a, z), x + a, il — ])r(s, y, x, t + [z^ 1 ]) 
^_ z -k+s' -s e 5(t-t' ,z- 1 )/2 

2m (3.9) 
x T (s' + 1, y - £(a, z^ 1 ), cc + a, t' + [z])r(s - 1, y, x, t - [z]) 

for the tau function. 
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In the same way, the bilinear equation p.8[) of a slightly more general form 
can be converted to 

f £ zfc+S '" Se ' (t " t ' Z)/2r(s '' V ^ z ^ x + a ^'- t*" 1 ]) 
x T(s,y-£(b,z),x + b,t+ [z" 1 ]) 

= / ^^ fc+s '- s e ?(t - t ' ^ 1)/2 -(,' + l,y- £(o, z- 1 ), x + a, i' + [z]) iq) 
xr(s-l, 2 /-^(6,z" 1 ),a; + 6,t- [z]). 

4 Logarithmic extension 
4.1 Lax equations 

Following Carlet, Dubrovin and Zhang [5], we define the logarithm log£ of the 
Lax operator £ as 

log£ = ^WdsW- 1 - ^WdsW' 1 . 

This definition can be rewritten as 

1 i 1 - - i 1 dW , 1 - , 

which shows that log£ becomes a difference operator (of infinite order). 

The logarithmic extension of the Toda hierarchy consists of the Toda flows 
with respect to t and another set of commuting flows with respect to x = 
(xx, X2, ■ ■ •)• The extended flows are defined by the Lax equations [5] 

<9£ 

— = [C n ,C], n = l,2,..., (4.1) 

where 

<7 n = (£"log£)> -(£»log£) <0 . 
Note that £™ log £ can be expressed in terms of the dressing operators as 

£™log£ = ^We^'d.W' 1 - ^We-^'daW- 1 . (4.2) 
A few remarks are in order. 

1. This definition of C„'s differs from the usual definition 

C n = (£"(log£ - c0)> - (£"(log£ - c„)) <0 , 
where c„'s are numerical constants of the form 

Cn = 1 + 2 H h - 
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that plays an important role in the application to 2D topological field 
theories [2j |3j [4]. In the context of integrable structure, however, this 
difference is superficial. 

2. Since C n can be expressed as 

C n = 2 (C n log£)> - C n log£ = -2 (C n log£) <0 + C n log£ 

and C n log/3 commutes with C, we can rewrite the Lax equations as 
dC 

— = [2 (£" log , C] = [-2 (£" log C) <0 , £]. (4.3) 
4.2 Auxiliary linear equations 

For comparison with the 2 + ID extension, let us rewrite the Lax equations 
(|4.3[) . Note that 2 (£™ log£) >0 can be expressed as 



aw - 



n \ / dW - , 



where 

^^^^.o-^^J^- (4 ' 4) 

We can further rewrite the right hand side as 

2 (C n log£)> - P n + W]^" 1 

= P n + C n d s - We- nd °d s W- 1 . 

Since the last term We~ nds d s W~ 1 commutes with £, we can remove it and 
obtain the equations 

dC 

— = [C n d s +P n ,C]. (4.5) 

OXn 

Written in this form, the Lax equations of the logarithmic extension exhibit 
remarkable similarity with the Lax equations (|3.1j) of the 2 + ID extensions. The 
only difference is that the role of y is now played by s. Thus the logarithmic 
extension may be thought of as a kind of dimensional reduction (identifying d y 
with d s ) of the 2 + ID extension. Inspired by this observation, we can readily 
find the evolution equations 

dW dW dW dW 

™=C n ^-+P n W, ^- = C n ^+P n W (4.6) 

OX n OS OX n OS 
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for the dressing operators as counterparts of (|3.3[) . 

This is, however, a place where a significant difference also shows up. In the 
present case, we can further rewrite (14.61) to such a form as 



dW a 

— = (C n d s + P n )W - We n9 >d s , 

aw - - 9 (4J) 

— = {C n d s + P n )W - We-~ n9 °d Sl 

OXfi 

which rather resembles (|2.3j) . Note here that the roles of e ±nds /2 in (|2.3j) are now 
played by e ±n9s d s , which are connected with C n log C by the dressing operators 
as shown in (|4.2I) . These "undressed" generators of time evolutions determine 
the exponential factors of the wave functions. The exponential factors e^ t,z ^ 2 
are thus generated from z s by the first set of generators e ±n9s /2 as 



exp [J2t n e ±nd * /2 



In the same sense, the second set of generators e ±nds d s give the power (rather 
than exponential) functions z^ x ' z ' as 



oc 



exp x n e ±na -d a z s = z s+ ^ x ' z 



Bearing the last observation in mind, we introduce the wave functions 

*(«,«) = ^ 2 -+«-.«- 1 ) e -«*.*- 1 )/a = K^„( s )z« ) zS +e(-, 2 - 1 ) e -«t,^ 1 )/2. 

\n=0 / 

(|4.7I) can be thereby converted to the auxiliary linear equations 

^lfl = (C n d s + P n )^(s,z), ^^A = {C n d s + P n )^{ Sl z). (4.8) 

As in the case of the 2 + 1-dimensional extension, these auxiliary linear equations 
have another expression of the form 

m } S,z) = (z n d s + Q„)*(a, z), d ^ S,z) = (z~ n d s + Q„)*(s, z), (4.9) 
where 



q „ = p„_^ = _(?>.,H _(^£ e 



-nd s TI/-1 



<9s V ^ s / >o V ^ s / <0 



W" 1 . (4.10) 
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4.3 Bilinear equations 

Since the structure of the auxiliary linear equations (|4.9I) is almost the same as 
those of the 2 + ID extension, we can convert these auxiliary linear equations 
into a bilinear form in exactly the same way. Thus, defining the dual wave 
functions as 

#*(s, z) = y* z -s-«(*.*) e -£(*.*)/ 2 , z) = v-* 2 — -e(«.*- 1 ) e -C(t,*- 1 )/a j 

we obtain the bilinear equation 

/dz 
z k ^(s - £(a, z), x + a, i', z)**(s - £(6, A x + b,t, z) 
2m 

= /^z"' £ *(s'-e(a,2 _1 ),a; + a.<',2)**(s-e(b,z- 1 ),a; + b,t,z), (4.11) 

y 27ti 

which holds for fc = 0, 1, 2, . . . and arbitrary values of s', s, x, t', t except for the 
condition (|2.7[) . 

It deserves to be stressed here that the integrands in the contour integrals 
are single-valued. The multi-valuedness of the power functions z s+ ^ x ' z > in the 
wave functions and the dual wave functions cancels each other. This cancellation 
mechanism is based on the special shift 

s' — > s' — £(a, z ±1 ), x — > x + a, s — y s — £(6, z ±:L ), x — > x + b 

of the s and x variables in the integrand. Actually, this special shift was a main 
mystery of Milanov's bilinear formalism; we can now explain its origin in the 
2 + ID extension. 

Lastly, by the same trick as used in the derivation of (|3.9p and f|3 . 10[) . we 
can derive from (|4.11[) the bilinear equation 



r d^ z k+s'-s e i{t'-t,z)/2r, _ x x + at '_ r 2 -ll) 

J 2m 



x 



T{s-i{b,z),x + b,t+[z 1 ]), 



-k+s'-3 e m-t',* )/2 r (s' + 1 - £(a, z- 1 ), x + a,t'+ [z]) 



dz 

—z , v „ , . ^ v _,„ /; „ , _,. , ^ ^ 

x t(s - 1 - £(6, z _1 ), a; + b,t [z]) 

for the tau function. This equation contains Milanov's bilinear equation as a 
special case. 



5 Conclusion 

We have thus shown that the 2 + ID extension and the logarithmic extension 
have a quite parallel structure. Relevant equations of these two extended Toda 
hierarchy can be paired as follows: 
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• Lax equations: (|3.1j) «-» (|4.1|) 

• Auxiliary linear equations: (pT2"|) . (|3l| o P~g]h (|Q| 

• Evolution equations of dressing operators: (|3.3p f-> (|4.6p 

• Another form of auxiliary linear equations: (|3.5[) . (|3.6p O (|4.9p . (|4.10l) 

• Bilinear equations of wave functions: Q3.8P <H> (|4. 11 [) 

• Bilinear equations of tau functions: (|3.10p O (|4.12p 

A new feature of the logarithmic extension is the emergence of the multi- valued 
factor z^ x - z ' in the wave functions. The multi-valuedness, however, disap- 
pears in the integrand of the bilinear equations. This fact plays a role in the 
heuristic part of Milanov's derivation of bilinear equations [BJ. In our approach, 
this cancellation mechanics of multi-valuedness is rather a consequence of di- 
mensional reduction of the 2 + ID extension. 

Our approach can be readily generalized to the reduction of the 2D Toda 
hierarchy defined by the constraint 

(£ :=) L N = 

where N and N are arbitrary positive integers. The reduced Lax operator C 
thus defined takes such a form as 

C = B N + B R = e Nd ° + h{s)e( N -V d ° + b N (s) + Cl {s)e- a - +■■■ + c#(s)e-* 8 '. 

The logarithmic extension of this reduced hierarchy coincides with Carlet's "ex- 
tended bigraded Toda hierarchy" [17] . We can derive bilinear equations for the 
wave functions and the tau functions, which contains bilinear equations derived 
by Milanov and Tseng [TS] as a special case. 
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